JOURNAL OF
FLUIDS AND

LS ! STRUCTURES
LSEVIER Journal of Fluids and Structures 19 (2004) 221-237

www.elsevier.nl/locate/jnlabr/yjfls

On the parametric excitation of some nonlinear aeroelastic
oscillators

H. Lumbantobing?®, T.I. Haaker®*

4 Department of Applied Mathematical Analysis, Faculty of Electrical Engineering, Mathematics and Computer Science
Delft University of Technology, Mekelweg 4, 2628 CD Delft, The Netherlands
® Telematica Instituut, P.O. Box 589, 7500 AN Enschede, The Netherlands

Received 4 March 2003; accepted 11 December 2003

Abstract

In this paper the parametric excitation of two one-degree-of-freedom nonlinear aeroelastic oscillators in cross-flow is
considered. This is for example relevant for the understanding of aeroelastic oscillations of bridge stay cables induced
by bridge deck motion. In particular the parametric excitation for a plunge oscillator and a seesaw oscillator are
discussed. The following model equation for the parametric excitation of the aeroelastic oscillators is considered:
Z+2pz+[1 — kcos(w?)]z = F(z,z, U). Here, for the plunge oscillator, z denotes the vertical displacement of a mass-
spring-damper system, and for the seesaw oscillator, z denotes the rotation of a seesaw structure around the hinge axis.
F represents the nonlinear aeroelastic force which depends on z, z and wind velocity U. Assuming F, the coefficients of
parametric excitation x and structural damping f to be small, the averaging method can be applied to study the
equation that equation. Note that it is a nonlinear Mathieu equation. Without the parametric excitation one typically
finds an aerodynamic instability for a critical wind velocity above which finite amplitude, periodic oscillations result.
The parametric excitation complicates this simple picture, especially for the seesaw oscillator. Depending on the ratio of
k and f a critical wind velocity may still exist. For some cases though, increasing the wind velocity above the critical
velocity re-stabilizes the trivial solution. Next to the familiar periodic constant amplitude solutions also solutions with
periodically modulated amplitudes and phases are obtained. Criteria for the stability of the trivial solution, the existence
and the stability of various nontrivial (periodic) solutions and their bifurcations are given.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

This paper is concerned with the parametric excitation of two aeroelastic oscillators, plunge and seesaw oscillators,
placed in a homogeneous and uniform wind flow. A schematic sketch of the plunge oscillator and the seesaw oscillator
is given in Figs. 1 and 2, respectively.

The first oscillator is a spring supported cylinder with linear damping. It is restricted to oscillate perpendicular to the
flow direction. If the cylinder has a non-circular cross section and is exposed to a homogeneous and uniform wind flow,
self-excited so called galloping oscillations may arise, see Blevins (1990). Here we assume that the spring supporting the
cylinder has a periodically varying stiffness, causing a parametric excitation, see Fig. 1.
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Fig. 1. Schematic sketch of the structure of the plunge oscillator.
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Fig. 2. Schematic sketch of the structure of the seesaw oscillator with an electrical rotor.

The second oscillator is a seesaw like structure consisting of a rigid bar hinged around an axis. The bar holds at its
right end a cylinder. On the other end a counter weight is fixed balancing the cylinder with respect to the hinge axis. A
pendulum weight fixed to the bar provides for a restoring moment. Again self-excited galloping oscillations may arise.
In addition an electrical rotor is mounted on the hinge axis and connected to the pendulum weight via a string. The
rotor causes the pendulum weight to slide periodically up and down the arm holding the pendulum, see Fig. 2. In the
model equation this sliding pendulum weight causes a parametric excitation, see for example Van der Burgh (1996).

The main purpose of this paper is to study the influence of a parametric excitation on the well-known aeroelastic
behaviour of the plunge and the seesaw oscillators. Such a study is relevant for the understanding of the aeroelastic
behaviour of coupled structural elements exposed to wind flow. For example, Da Costa et al. (1996) studied the
oscillations of bridge deck or bridge towers. They suggested parametric excitation as the driving mechanism. As a model
equation they found a nonlinear Mathieu equation. They found that the most dangerous situations arise when the
frequency of the parametric excitation is close to one or two times the natural frequency. Haaker and Van der Burgh
(1994) modelled and analyzed the equation of motion of the seesaw oscillator for low flow velocities. The wind forces
then act as a perturbation on the linear Hamiltonian system modelling the unforced oscillations of the seesaw structure
for small amplitudes. Van Oudheusden (1996) investigated the galloping oscillations with a single rotational degree of
freedom under the combined effect of both viscous and frictional damping. He studied how the additional effect of even
slight amounts of frictional damping affects the galloping curve. He provided results from wind tunnel experiments that
confirm the major findings of analysis. Lumbantobing and Haaker (2000, 2002a) considered the aeroelastic oscillations
of a single seesaw and seesaw type oscillators under strong wind conditions. Tondl et al. (2000) considered parametric
excitations for general oscillators with special nonlinear damping. They applied the averaging method to study the
stability of the trivial solution. Lumbantobing and Haaker (2002b) considered the parametric excitation of a nonlinear
aeroelastic seesaw oscillator. They applied the averaging method to study the behaviour of the trivial and the nontrivial
solutions. Here we consider parametric excitation for a plunge oscillator and a seesaw oscillator, respectively. The
model equation we obtain is a nonlinear Mathieu equation. To study the behaviour of the solutions of this equation we
apply the averaging method.

This paper is organized as follows. In Section 2 the parametric excitation of the nonlinear aeroelastic plunge oscillator
is considered. The analysis is started with the derivation of the model equation in Section 2.1 and then followed by the
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analysis of the model equation in Section 2.2. The analysis of the model equation for the linear case is presented in
section 2.2.1 and for the nonlinear case is presented in Section 2.2.2. In Section 2.2.3, some phase portraits for the
averaged equations are presented. In Section 3 the parametric excitation of the nonlinear aeroelastic seesaw oscillator is
considered. The derivation of the model equation for the aeroelastic response of the seesaw oscillator with parametric
excitation is given in Section 3.1. The analysis of this equation is presented in Section 3.2, first the linear analysis in
Section 3.2.1 and then the nonlinear analysis in Section 3.2.2. In Section 3.2.3, some phase portraits for the averaged
equations are presented. In Section 4, some conclusions will be given. Finally, the analytical proofs of Hopf and
pitchfork bifurcations are given in Appendix A.

2. Parametric excitation of a nonlinear aeroelastic plunge oscillator

In this section the parametric excitation of a nonlinear aeroelastic plunge oscillator is analyzed. A quasi steady
approximation for the aeroelastic force is used. Consequently, the equation of motion is derived. The analysis of this
equation is presented, which is based on the averaging method.

2.1. Derivation of the model equation

In Parkinson and Smith (1964), Blevins (1990) and Haaker (1996), the equation of motion for the plunge oscillator is
derived as follows:

1
my + by + ky = EpdlUZCN(oc), (1)

where « denotes the so called angle of attack, which in the dynamic situation may be approximated through « = —p/U.

Here we assume a periodically varying stiffness according to k = ko — ki cos(Q¢). We introduce the system
parameters o (frequency), ¢ (small parameter) and u (reduced velocity) according to w? = ko/m, & = pd*l/(2m) and
i = U/(owd). Note that ¢ may be assumed a small parameter due to air density p being of the order 1073, Defining a new
damping coefficient  and parametric excitation coefficient a according to fe = bh/2mw) and ea =k /(mw?),
respectively, and introducing new variables x and t according to x = wy/U and © = wt, respectively then one gets the
equation

X"+ (1 — gacos (g r) ) x = &(=2Bx + puCy(2)), @

with o = —x’ and the apostrophe denotes the differentiation with respect to t.

Finally we take for the aerodynamic coefficient curve Cy a cubic polynomial Cy = cja + 20 + c30, with ¢; <0, ¢3 >
0 [relevant for cylinders with nearly circular cross section; see for example Nigol and Buchan (1981)].

Then the model equation we obtain is

X"+ (1 — gacos <g r))r = &(—(2B + c1p)x’ + caux’ — e3ux’). (3)
This equation is a nonlinear Mathieu equation.
2.2. Analysis of the model equation
In this subsection an amplitude-phase transformation is applied to transform the system (3) to a suitable form for

applying the averaging method.
We define amplitude r and phase y or alternatively euclidean coordinates u and v through

x = r(t) cos(t + (1)), 4
X' = —r(t) sin(z + Y (1)), ®)]
or
x = u(t) cos(t) + v(t) sin(r), (6)
x' = —u(t) sin(t) + v(t) cos(x). (N

Note that the following relation between the coordinate pairs holds u = rcos(y) and v = —r sin(y).
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To obtain the averaged equations in (r,¥) or (u,v) coordinates one substitutes expressions (4), (5) or (6), (7) into
Eq. (3). To simplify the equations we transform r—»?/\/T, or equivalently (u,v)— L_l/\/(,—, ﬁ/ﬁ) After setting
Q/w =2+ & with ¢ a detuning coefficient, and transforming the time (2 + &d)t — 2s, then after neglecting the “bar”,
one obtains the following averaged equations for (r,v’) and for (/,v'), respectively (the prime denotes d/ds)

r’:a(—(z—:sin(m//)—i—ﬁ+%c1u)r—%ur3), ®)

Y G N 9

v —e(fifzcos( gb)) )
and

e oo ),

(T e o)

Note that in this paper we choose Q/w = 2 + &d, because the most dangerous situations arise when the frequency of the
parametric excitation is close to two times the oscillator frequency, see for example Da Costa et al. (1996) and Verhulst
(1996). Before starting the analysis we show that both a and é may be assumed positive. Suppose a solution of Egs. (8)
and (9) is denoted as (r(s; a, d), ¥(s; a, )). Then, if in Egs. (8) and (9) a is replaced by —a, it is readily shown that the
solution of this new equation follows from the solution of the original equations as follows:

(r(s; =, 0),(s: =a,0)) = (r(5:,0),Y(s:@,0) + ).
Similarly, one may show that

(r(s;a, —9),Y(s;a, —0)) = (r(s; a, o), —y(s;a, o) + g)

2.2.1. Stability analysis of the trivial solution

From Egs. (10) and (11), one obtains the eigenvalues evaluated at (0,0) as follows Ag; = f% ap—p— 41 Va2 — 45
and dpp = —Sejp— B+ 1Va? —45°

Depending on the strength of the parametric excitation ¢ compared to detuning 6 and structural damping § one
obtains the following cases.

(i) In the case 20/a<1, both eigenvalues evaluated at (0,0) are real.

Note that 1g; <Zg, so the equilibrium position is stable if /g <0. Even without wind, i.e. u = 0, the equilibrium

position may be unstable, depending on the sign of —f + %\/ a2 — 49, that s,
(a) if a® > 46 + 16, i.c., if the parametric resonance is strong compared to detuning and damping, then the
equilibrium position is a saddle for u = 0; in that case a stable nontrivial critical point (r,,) exists; note that if p is

increased from zero, one finds that for u = —28/c; — 1/Q2c))Va? — 46%, a pitchfork bifurcation occurs in which an
unstable critical point (r,) is born;
(b) if a®<46% + 16, then the equilibrium solution is stable for u = 0; on increasing p from zero a critical flow

velocity = —28/c; +1/Q2c))Va* — 48” is reached for which a pitchfork bifurcation occurs in which a stable critical
point (r2,¥,) is born; increasing u further such that iy, = 0, one finds the second pitchfork bifurcation in which an
unstable critical point (r, ) is born.

(i) In the case 26/a = 1, the stability of (0,0) is determined by the sign of f%cl,u — B, i.e., a critical flow velocity
I, = —2f/c1 exists such that the equilibrium position is unstable for u > u, . At u = u, a pitchfork bifurcation occurs
indicating the loss of stability of the trivial solution and the creation of a stable nontrivial solution.

(iii) In the case 26 /a > 1, both of the eigenvalues are complex. The equilibrium solution is stable if u <y, . We see that
for u<p,,, (0,0) is a stable focus. At u = u,, the eigenvalues are purely imaginary which indicates that there exists a
Hopf bifurcation leading to the creation of a stable limit cycle. This limit cycle corresponds to a solution with
periodically modulated amplitudes and phases for the original equation. For > p,. , the equilibrium position becomes
an unstable focus.
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2.2.2. Nonlinear analysis

Note that Egs. (8) and (9) have the following so called rotational symmetry: (r, ) — (r,}y + m). This indicates that if
(r, ) is a solution of (8) and (9) then (r, + 7) is also a solution. In the phase portrait the solution (r,y + n) is obtained
by rotating the solution (r,y) over z. In the sequel we only consider 0 <y <. Setting the right hand side of Eq. (9) to
Zero, one gets

26
P

cos(2y) = — (12)

We consider again the three cases by extending the linear analysis.

(i) In the case 26/a< 1 there are two solutions for Eq. (12), say ¥, and v,. Assume that i, <y, then sin(2y;) > 0 and
sin(2y,) <O0.

From Eq. (8) one gets that r = {—8/(3p)(a/4sin(2y) + f + % awt'’? and cos(2y) = —20/a. From here one finds that

sin(2y) = +1/ava® — 48, For y = Y, then we have r; = (8&01/(3,u))]/2. The solution (r, ) exists for u> —2f/c; —
1/Q2c1)V a® — 46°. Tts eigenvalues are A = IvVa - 48% + 2B+ cip and Ay = IVa - 48* > 0. We conclude that

(r1,4,) is always unstable.
For = i, then we have r, = (8402/(31))"/%. The solution (r2,V,) exists for u> —28/c; + 1/(2c))V a> — 46%. Its

eigenvalues are /o = —1 Va? — 48% 428 + ¢y and Ay = —IVa - 45* <0. The eigenvalue 25 <0 if and only if u>

=2B/c1 = 1/Qec)Va? — 45%. From here we conclude that the solution (r-, V,) is always stable.

(i) In the case 26/a = 1 the solutions of Eq. (12) is ¥, = n/2. From Eq. (8) one gets r = {8/(3u)(—f — %cl,u)}l/z. The
nontrivial solution is stable and exists for u > p,. .

(iii) In the case 26/a > 1 there is no nontrivial solution at all. Instead of this one finds a stable limit cycle born in the
Hopf bifurcation for u = u,,.

2.2.3. Phase portraits for the averaged equations

Some phase portraits for the averaged equations for the case 20/a<1 are given in this subsection. Assume a =
I, $=0.5 ¢; =—1and § = 0.125. Then one gets that for a wind velocity u = 0.4 there is only one solution, i.e., the
trivial solution as a stable node, see Fig. 3(a). For u = 0.8 one gets the trivial solution as a saddle and two symmetric
nontrivial solutions as stable nodes, see Fig. 3(b). For u = 1.8 one gets the trivial solution as an unstable node and two
pairs of nontrivial solutions, i.e, two stable nodes and two saddles, see Fig. 3(c).

3. Parametric excitation of a nonlinear aeroelastic seesaw oscillator

In this section the parametric excitation of a nonlinear aeroelastic seesaw oscillator is analyzed. Based on the quasi
steady approach the equation of motion is derived and using the averaging method the analysis of this equation is
presented.
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Fig. 3. Phase portraits fora=1, f=0.5, ¢; =—1,and 6 =0.125. (a) u = 0.4, (b) u=0.8 and (c) u = 1.8.
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3.1. Derivation of the model equation

In this paper 6 denotes the angle of rotation of the seesaw structure around the hinge axis. Following Haaker (1996)
and Haaker and Van Oudheusden (1997), the following equation describes the aeroelastic response of the seesaw
oscillator to a homogeneous uniform wind flow

10+ c0 + myghsin 0 = % pdIRU? Cy (). (13)

Here I, ¢,mp, g and h are the structural moment of inertia, the linear viscous damping coefficient, the pendulum mass,
the gravity constant, and the pendulum length, respectively. The right hand side of Eq. (13) represents the external
aerodynamic force where p,d, [, and R denote air density, a characteristic length of the cross section, the length of the
cylinder and the distance from the cylinder’s axis to the hinge axis, respectively. Finally, U denotes the wind velocity
and o denotes the instantaneous angle of attack.

Assuming periodically varying pendulum length /& = hy(1 — %ECOS(QZ)), one gets

I=1— Emphg cos(Q1) + O(h?), (14)

where I denotes the structural moment of inertia corresponding with fixed pendulum length /o, /1 denotes the relative
amplitude of the periodic variation which is assumed small. So from equations (13) and (14) one obtains

Iy — hmyh? cos(Q1))0 + c0 + m,ghy(1 — hi cos(Qt)) sin 0 = %ple U2 Cy(a) + OF?). (15)

Let v = m,h3 and sin 0~ 0, one can rewrite Eq. (15) to become

i+ i ( T+ cos(Qt)) 0+ m”l‘jho (1 — h cos(Q1)) <1 n %cos(()t)) 0
- pzdllR U2 Cy (o )(1 +—hcos(Qt)) (16)

Scaling time with © = wt, where @? = myghy /Iy and introducing & = pldR*/(21y); i = U/(wR); 2Pe = c¢/(lyw) and
assuming s = de, then one finds

0" +0= s(&(l - 110> Cos(g f) 0—2p0" + ;LZCN(a)) + O(E?). 17)
Letting @ = a(1 — v/Iy) > 0, one obtains
0" + (1 —ea Cos(g r))@ = &(=2p0' + 1> Cyn(2) + O(E?), (18)
with o = 0 — 0' /i, see Haaker (1996) and Cy(2) = c1a+ c20% + c30°,¢1 <0 and ¢3 > 0. So, the equation becomes
9"+9:8((acos(gr) +c|,u2)97(cl,u+2ﬂ)9'+cz,uz€2+c20'2 20,000 + c31°6° L:O
— 3630070 + 3¢3007) + O(e?). (19)

Eq. (19) is a nonlinear Mathieu equation.
3.2. Analysis of the model equation
To reduce complexity in the first order perturbation analysis we set Q/w = 2 + 3, with § = @(¢?) rather than § = 0(e),

and thus remove 0 from our first order averaged equations. We define amplitude r and phase  or alternatively
coordinates # and v through

0 = r(z) cos(t + Y(x)), (20
0 = —r(1)sin (t + (1)), 21
or
0 = u(t) cos(t) + v(7) sin(7), (22)

0 = —u(7) sin(r) + v(t) cos(x). (23)
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Substituting Egs. (20)—(23) into (19) one obtains the averaged equations for r and  or for u and v, respectively, as
follows:

r :F(%(—4,B—2clu+asin(21//))r—38—clj(l—0—/42)1’3), (24)
Y= (j{ cos(y) + - +&(1+ 2)r2>, (25)
u+ﬁ U+ (a*2¢1u2)v* Sy ) 29 a e 28 (L e 28 a4 e,
8 \u 8 8 \u 8
(26)
v =¢ (a+2c1,u2)uf(ﬂu+ﬁ>v+3ﬁ(l+u2)uvzf& l+,u u2v+&(l+u2)u3f& l+,u v ).
2 8 8 \u 8 8 \u
@7

3.2.1. Stability of the trivial solution

For the linear analysis of the trivial solution we use the (u, v)-coordinates, i.e. Egs. (26) and (27). One can find that
(0,0) is a critical point of (26) and (27).

Transforming u— +/4lc1|p/Ges(1 + 12))it, v— v/4lerlp/Bes(1 + p2)) #, and time T |¢1]s/2, one finds (after neglecting
the ‘tilde’ and denoting d/ds by the overdot)

U=¢ ,u—% ut (= 2 o — u® — o — i — ), (28)
lei] ey

2
b:s((L—uz) —|—(,u——'8)v+uuv —vtv + d’ —v3> (29)
2len lei]
Letting p = 2f/|c)| and g = a/(2|c;]) then one obtains
= e((u — plu+ (1 + @v — w” — v —w’ — ), (30)
. 2 ) 33
b= e((— 12 + Qu+ (1 — p)o + p® — o + p’ — v°). (31)

The eigenvalues evaluated at the critical point (0,0) are
A= (—p)+ Vg —pt
o =(—p)— g —
Note that Ze(4) > Ze(4,) always holds, therefore the stability of the trivial solution is determined by Z«(4,)<0.
In absence of parametric excitation, i.e. ¢ = 0, the stability of the trivial solution is completely determined by the sign
of u— p. If u<p, the trivial solution is stable; if u > p the trivial solution is unstable. In fact u=p = —2f/c; is the
familiar critical flow velocity corresponding to the Den Hartog’s criterion for instability. If ¢#0 and p> ﬂ holds then
the trivial solution is stable if u<p and unstable if x> p.

It remains to check what happens if ¢#0 and u< \/5 In that case both eigenvalues are real. Because of that the
trivial solution is stable if eigenvalue 1 is negative. One gets for p > \/5

di L 243 a6 —2u 1
du V@ -t d? (@ =1 P =2
d/q

. d/
TrO=1. lim W ==, 20 =q-p.
u

n=y/4q

From these expressions it follows that A; first increases with increasing u until a maximum value, say 4;__, is reached
and then strictly decreases. Because of that 4; has at most two roots.
One can distinguish between two main cases as follows: A. Case p< \/6 B. Case p > \/5

In the (¢, p) parameter plane, the cases A and B are separated by the curve p = \/E as shown in Fig. 4.

max >
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Fig. 4. Diagram of the region in the (¢, p) plane.

A. Case p<,/q.
In this case one finds that A; (ﬁ) = \/6 —p>0. The region may be divided into two parts. The region
1 is the region below of the curves p = \/E and p = ¢. The region II is the closed region between the curve p = \/5 and

the line p = ¢, see Fig. 4. In region I, one finds 2;(0) = ¢ — p > 0. Combined with 4, (ﬁ) >0 and dz/ll/du2<0, it
follows that 4;(u) is positive for 0<u< \/6 Therefore (0, 0) is unstable.

From the properties of 4,(u) it follows that a single root u, for 4, exists with u, < \/ﬁ Therefore the trivial solution is
a saddle for <y, and an unstable node for 1, <u < /g. Finally, for > /g it follows from the assumption p <, /g that
the trivial solution is an unstable focus. In region II, one finds 2;(0)<0. Combined with d4;/du(0) > 0, d2)L|/d,u2 <0,
and 2, ( \/§> >0 one finds that a single root y, exists for 4; in the interval 0<u < /q. Therefore the trivial solution is

stable for u<y, and unstable for u; <u< \/5 For pu = p, a pitchfork bifurcation occurs in which a stable nontrivial
solution is born. The type of the instability also depends on the sign of ;. From the properties of 4, it readily follows
that a single root y, for 1, exists with p; <p, < \/5 The trivial solution is a saddle for u; <u<u, and an unstable node
for u, <u< \/5 Again for p > f , the trivial solution is an unstable focus. One gets a stability diagram for the trivial
solution in the regions I and II as in Figs. 5(a) and 5(b), respectively.

B. Case p> /4.

In this case one finds that A, ﬁ) = \/6 — p<0.Note that dly/du = 14213 /1/q> — u* >0, 1,(0) <0, 22(\/5)<0.
It shows that A>(u)<0 for 0<u<,/q.

Above the line p = ¢ one finds 4,(0) = —p + ¢ <0. One obtains two roots if 2;,, > 0, no root if 4;,, <0. The cases are
separated by the case 4;,, = 0, i.e., the case for which 4;(u) has a double root. Solving 2; = 0 and d4,/du = 0 for p one
obtains a curve ¢g(q,p) = 0 in (¢, p)-plane on which a double root occurs, with

1 1 1 N
_ 5 - 2_ (21 _ 2
g(q,p) = p+6k k+<q (6k k)) , (32)

where k = <54p 166+ 81p2> "

Above g = 0, in the region III, we find 2i,,, <0, and no root exist. The trivial solution is a stable node for 0<u<,/g.
The stability diagram is shown in 5(c).

Below g = 0, in region IV, we find 4, > 0, and two roots x;; and y,, for A; are found. The trivial solution is a stable
node for 0<pu< ;. It is a saddle for p;; <u<u;, and again a stable node for p, <u< \/5 Furthermore, it is a stable
focus for \/§<u<p and an unstable focus for u > p. The stability diagram is shown in Fig. 5(d).
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(a): Stability diagram of the trivial solution in the region 1
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(b): Stability diagram of the trivial solution in the region I1
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(¢): Stability diagram of the trivial solution in the region II1
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(d): Stability diagram of the trivial solution in the region IV
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(e): Stability diagram of the trivial solution in the region V

Fig. 5. Diagram of the stability of the trivial solution.

Finally, in region V, between the curves p = g and p = /g, one has 7,(0) = —p + ¢ > 0. In that case a single root
for A, exists. Then the trivial solution is a saddle for 0 <u <y, a stable node for y; <p< \f stable focus for \/§<,u <p,
and an unstable focus for x> p. The stability diagram is shown in Fig. 5(e).

Furthermore one can see that for the case p > \ﬁ at u = p, the system has a purely imaginary pair of eigenvalues. It
indicates the occurrence of a Hopf bifurcation. After a straightforward calculation, one gets the Lyapunov number

1 P’ +q
— (1219 .
o= (15 ) <0 o

See Appendix A.l1 for a proof. This Hopf bifurcation therefore indicates the creation of a stable limit cycle in the
averaging equations. This corresponds to oscillations in the original system with periodically modulated amplitudes and
phases.

We finally remark that the zeroes of the eigenvalues /4, and 4, are related to pitchfork bifurcations which involve the
creation of branches of nontrivial critical points. See Appendix A.2 for a proof.

3.2.2. Nonlinear analysis
In the analysis of the nontrivial solutions, the averaged equations in polar coordinates are used. Transforming
Egs. (30) and (31) into polar coordinates by using u = r cos(y) and v = —r sin(y/) one gets

F=o((u —p — gsin@p)r —r), (34)

¥ = (i’ — g cos2y) — pr). (35)
Multiplying Eq. (34) by r and setting R = #* yields

R = Q2(u—p— qsinQy)R — 2R, (36)

J = a4 — g cosy) - kR). (37)
Setting the right hand sides of Egs. (36) and (37) to zero one obtains

AR*+BR+C=0, R>0 (38)
with

A=1+47

B=-2u—p+p),
C=u—q +w—-p’.
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Fig. 6. Number of nontrivial solutions, Hopf (H), saddle connection (SC), saddle-node (SN), and pitchfork (P) bifurcations for case
p>1
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Fig. 7. Number of nontrivial solutions, Hopf (H), saddle connection (SC), saddle-node (SN), and pitchfork (P) bifurcations for case
p<l.

The zeroes of Eq. (38) are

—B+VB2—-44C
—
Note that every solution of Eq. (38) corresponds to two solutions, (Ry, /() and (Ro, ¥, + n), of Egs. (36) and (37). Let D
denote the discriminant of (38), then D = 4((1 + u*)q* — 1*p*). One gets two positive zeroes of (38) if C >0, B<0, and
D >0, one positive zero if C<0, a double positive zero if D =0 and B<0, no positive zero in other cases.

Note that a pitchfork bifurcation occurs for C = 0, a saddle-node bifurcation occurs for D = 0. Figs. 6 and 7 show
the location of saddle-node bifurcation (SN), pitchfork bifurcation (P), Hopf bifurcation (H) and saddle-connection
bifurcation (SC) in the (g, ¢)-plane for p > 1 and p<1, respectively. The saddle-node and pitchfork bifurcation curves
have an intersection point Q, in which one gets B = C = D = 0. The coordinates of Q are (19, go), with py = %k —2/k,

1/3

go = <\/6/6> (A(—k* + 6pk + 12))1/2, and k = (108p +124/12 + 81p2> . The equations for the pitchfork bifurcation
curve (P) and the saddle-node bifurcation curve (SN) are

e

N

respectively. The coordinate of the minimum point of the pitchfork bifurcation curve is (u,,q,) with g, = 1/6¢ — 1/t,

4 2172 173 . L ) .

q =W+ —p))/~,and t = (54p + 64/6 + 81p2) . The Hopf bifurcation is found for u = p and ¢<p-. In Figs. 6

and 7, the numbers denote the number of nontrivial critical point of Egs. (36) and (37) found in each region. The roman
numerals to the right correspond with the stability regions of the linear analysis. Note that Q = (1, g¢) may be viewed

Rip =

1/2

gp =@ +@u—pH'"* and ¢, =
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as an ‘organizing center’ in the parameter plane in the sense that different dynamical behavior can be found in a
neighborhood of this point. The pitchfork and the saddle-node bifurcation curves divide the (u, ¢)-parameter plane into
three big regions, i.e.,

(a) the region where one finds no nontrivial solution;

(b) the region where one finds two nontrivial solutions;

(c) the region where one finds four nontrivial solutions.

The number of nontrivial solutions in each region is determined from the number of positive roots of Eq. (38) in that
region.

We now consider Fig. 6, i.e. the case p > 1. For a fixed value of ¢ = ¢q such that gy > p?, starting with a small value of
u, one finds readily two stable nontrivial critical points. Increasing the value of u such that the pitchfork curve is
reached then one gets a pitchfork bifurcation which leads to the creation of two new nontrivial critical points. Two of
them are stable foci and the others are saddles. At the point (p, p?), on the pitchfork curve, one finds that both of the
eigenvalues of the trivial solution are zero. From this point, the Hopf (H) and the saddle connection (SC) bifurcation
curves start.

For ¢ = gy such that p<gqy<p?, starting with a small value of x, one finds two stable nontrivial critical points.
Increasing the value of u such that the pitchfork curve is reached one obtains another two nontrivial critical points
(unstable). At u = p, a Hopf bifurcation occurs and a stable limit cycle is born. Increasing the value of u further such
that the SC curve is reached the limit cycle disappears in the saddle connection bifurcation (SC). The four nontrivial
solutions survive though.

For g = go such that gg <qo <p starting with a small value of u, one gets only a stable trivial solution. Increasing the
value of p such that the pitchfork bifurcation curve is passed, one finds two stable nontrivial critical points and the
trivial solution becomes unstable. Increasing again the value of p such that the pitchfork bifurcation curve is passed
once more, another two unstable critical points are born. However the trivial solution is now stable again. Increasing
the value of pu such that the Hopf bifurcation curve is passed one gets a stable limit cycle and four nontrivial solutions.
The critical solution is now unstable focus. After increasing the value of u passed the saddle-node bifurcation curve
(SN), both pairs of nontrivial solutions disappear in a saddle-node bifurcation and only the stable limit cycle survives.
But if one reaches the saddle-node bifurcation curve (SN) first, then after passing the saddle-node bifurcation curve
(SN) both pairs of nontrivial solutions disappear in the saddle-node bifurcation. Finally, increasing the value of u one
gets a stable limit cycle after passing the Hopf bifurcation curve and the trivial solution is an unstable focus.

For g = qo such that g, <qo<gqg, starting with a small value for p, then one gets only a stable trivial solution.
Increasing the value of u such that the first pitchfork point is reached then one finds one pair of stable critical points
bearing from the pitchfork bifurcation and the trivial solution becomes unstable. Increasing again the value of p, such
that the second pitchfork point is reached then one obtains that the nontrivial critical points disappear and the trivial
solution becomes stable. Furthermore, increasing the value of g, then one obtains a Hopf bifurcation from which the
stable limit cycle is born and the trivial solution becomes an unstable focus.

For g = ¢qo such that ¢y <¢,, starting with a small value for y, then one gets a stable trivial solution. Increasing the
value of u, one gets a Hopf bifurcation from which the stable limit cycle is born and the trivial solution becomes an
unstable focus.

The story for Fig. 7 is nearly the same as for Fig. 6. The difference is the saddle connection (SC) bifurcation in Fig. 7,
that now corresponds with the creation of a stable limit cycle.

To consider the stability of the nontrivial critical points, one can determine the eigenvalues of the Jacobian from
Egs. (36) and (37) evaluated at (ro, /), where ry = \/E and , are determined from the zeroes of Eqgs. (36) and (37).

3.2.3. Phase portraits for the averaged equations

In this section some phase portraits for the averaged equations (30) and (31) are given. Some special values for the
parameters are considered to depict the behaviour of the trivial and the nontrivial solutions in the (u,v)-plane.
Depending on the wind velocity u, one finds how the stability of the trivial solution changes and how the nontrivial
critical points and a stable limit cycle appear.

Assuming p = 2 and choosing ¢ = 3.333 then p<g<p?, one is in the region V, see Fig. 4. The stability diagram of the
trivial solution is shown in Fig. 5(e), with p; = 1.8243821 and \/5 = 1.82565056. The bifurcation diagram is depicted in
region V of Fig. 6. Varying the value of wind velocity p one gets following: At u = 1.7, one finds two nontrivial critical
points as stable foci and the trivial critical point as a saddle. The phase portrait in the (u, v)-plane is shown in the Fig.
8(a). Increasing the value of u such that at u = 1.9 one obtains two pairs of nontrivial critical points, one pair as saddles
and the other pair as stable foci. The trivial solution is a stable focus. The phase portrait is shown in Fig. 8(b).
Increasing the value of u such that 4 = 2.1 then one gets two pairs of critical points, one pair as saddles and the other
pair as stable foci. The trivial solution is an unstable focus. There is also a stable limit cycle bearing from the Hopf



232 H. Lumbantobing, T.I. Haaker | Journal of Fluids and Structures 19 (2004) 221-237

18 2

-18

2 -15 : U : 15 731) ‘ U I 13
(b) p=1.9

25 -

d) p=4

Fig. 8. Phase portraits in the region V for p =2 and ¢ =3.333. (@) u= 1.7, b)) p =19, (c) u=2.1, (d) u =4 and (e) u = 4.1.

bifurcation at u = p = 2. The limit cycle corresponds to oscillations in the original system with periodically modulated
amplitudes and phases. The phase portrait is shown in Fig. 8(c). For ¢ = 4 one finds that the limit cycle has disappeared
in a heteroclinic loop connecting the two symmetric saddle points, when passing the saddle connection curve. The phase
portrait is shown in Fig. 8(d). Finally, for 4 = 4.1 one obtains that the saddle connection is broken. All solutions tend to
one of the stable foci. The phase portrait is shown in Fig. 8(e).

Assuming p = 0.5 and choosing ¢ = 0.26 then p*> <¢ <p and one is in region II, see Fig. 4. The stability diagram of the
trivial solution is shown in Fig. 5(b), with u; = 0.2472944, p, = 0.5097236, and f: 0.5099020. The bifurcation
diagram is depicted in region II of Fig. 7. Varying the value of wind velocity u one gets the behaviour of the solutions as
follows: Fig. 9(a) depicts the phase portrait for u = 0.1. It shows the trivial solution as a stable node, and no other
critical points exist.

Increasing the value of p such that u = u; then one of the eigenvalues of the trivial solution is zero. At this point the
pitchfork bifurcation occurs which leads to the exchange of stability of the trivial solution. The trivial solution changes
from a stable node to a saddle, and the first pair of nontrivial solutions is branched off. These are stable nodes.

At 1 = 0.4 one gets a pair of nontrivial solutions as stable nodes and the zero solution as a saddle. The phase portrait
in (u,v)-plane as in the Fig. 9(b). Increasing the value of u such that y = u, the second pitchfork bifurcation occurs
where the trivial solution changes from a saddle to an unstable node, and a second pair of nontrivial solutions is
branched off. These are saddles.

Increasing the value of u further such that u = 0.57 then one gets the zero solution is an unstable focus. The phase
portrait in (&, v)-plane is as in Fig. 9(c). Increasing again the value of u such that y = 0.6084 then one gets a stable limit
cycle bearing from the saddle connection bifurcation. Domains of attraction are separated by the stable manifolds of
the two saddles. Inside those manifolds the flow tends to the limit cycle, outside it tends to one of the stable node. The
phase portrait in the (u, v)-plane is shown in Fig. 9(d). Increasing the value of u further such that u = 0.8, one finds
saddle-node bifurcations in which the stable and unstable nontrivial solutions disappear. Only the stable limit cycle
survives and all flow tends to this limit cycle, see Fig. 9(e).
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Fig. 9. Phase portraits in the region II for p = 0.5 and ¢ = 0.26. (a) u = 0.1, (b) u = 0.4, (c) u = 0.57, (d) 1 = 0.6084 and (e) x = 0.8.

4. Conclusions

In this paper the parametric excitation of two nonlinear aeroelastic oscillators was studied. In practice, parametric
excitation of structural elements, like bridge stay cables, may be caused by the periodic motion of the bridge deck or the
bridge tower. The induced vibrations are most prominent if the excitation frequency is nearly twice the natural
frequency.

For the plunge oscillator the following results were obtained:

(i) For strong parametric excitation, i.e. when the ratio of detuning 6 and parametric force coefficient a is small, the
critical flow velocity is shifted to a lower value. For flow velocities above this value stable periodic oscillations were
found. If there is little structural damping, the critical flow velocity shifts to zero, indicating that even in absence of wind
the equilibrium position is unstable.

(i) For weak parametric excitation, J/(2a) > 1, the well-known critical wind velocity according to Den Hartog’s
criterion was found. Rather than a stable periodic oscillation, one obtains a stable solution with periodically modulated
amplitude and phase.

For the seesaw oscillator the following results were obtained:

(i) The observed behaviour for strong and weak parametric excitation is identical to the behaviour observed for the
plunge oscillator.

(ii) Interesting new dynamics is found when the parametric excitation, the structural damping and the linear
aeroelastic force are some what balanced. In that case a critical flow velocity may still exist, above which the equilibrium
position becomes unstable. However, in some cases the trivial solution re-stabilizes when the flow velocity is increased
above a certain value. This may be understood from the fact that the flow velocity causes an increased detuning between
the excitation frequency and the natural frequency, which effectively reduces the parametric excitation. Increasing the
flow velocity further though, an aeroelastic instability is found for a flow velocity corresponding to Den Hartog’s
criterion. Next to periodic oscillations also stable periodically modulated solutions are found bearing from limit cycles
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in the averaged equations. Both Hopf and saddle connection bifurcations were found responsible for the appearance of
these limit cycles. In some cases constant amplitude periodic solutions and periodically modulated solutions were found
to co-exist.
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Appendix A

In this appendix the existence of the Hopf and pitchfork bifurcations from the seesaw oscillator are considered.

A.1. The Hopf bifurcation

Consider the system below

i =e((n—pu+ @+ Qv —w® — v — 1’ — o), (A.1)

b= e((—p2 + Qu+ (u — p)o + pur?® — 1Pv + i — v°). (A2)
Letting

2
- + s Uy
x= ("), A= uzp WHa) o Fe ﬁmuw’
v —Ww+q u—p S, u,0)

with

Al u,v) = —ur® — v — 1 — o,

ﬁ(ua u, U) = ,LLMUZ - uzv + .uu3 - 1)35

then we have

X = ¢(AX + F). (A.3)
We now transform Eq. (A.3) into a normal form with

X=TZ, (A4
where

(i) ()

and a, = \/—(% + q)/(—u® + g); hence we get

0 1

T'=1] 1
— 0
a,

From Eq. (A.4) we get u = a,z; and v = z;. So from (A.3) and (A.4) we get
Z = ¢((T'AT)Z + G), (A.5)
with

GoTF- [91m2:2)
9(21,22) )’
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1 +q
= L |
T-'AT = U
wta w—p
a,
g1(u, z1,22) = /,taﬂz%zz - auzlzg + ,uazzg — Z’?, (A.6)
1 2 2.2 3.3 3
92 21,22) = — (@222 — pay 217y — 4,7y — pzy). (A7)
"

At = p we get

Zl — 0 - 21 gl(pazlazZ)
<Z'2>8<<w 0 )<22>+<gz(p,zl,zz)>>’ (A.8)

with o = (p* + ¢)/a, > and a, = /(=2 + ¢q))/(—=p? + ¢) > 0. In this case we have a pair of purely imaginary
eigenvalues of Eq. (A.8).

From Egs. (A.6) and (A.7) we get g1 . = —1, g1 = —ay, gi.. = 2payzy — 621, g1.. = 2papzy — 24y, g =
fZa;zl + 6pa;zz, 9200y = falz,, 92,00 = —1, 92, = —2zy — 6%21, 9., = —2zy — 2payz; and 92, = —2payzy —
6al3,zz. The Lyapunov number evaluated at (0, 0) is

1 1

°=T¢ A S N S S ) B o 91,91, +91..,) — 92, (92 . +92..) —g1.. 92 t g1 92..),
1 2

=-3 (1+a,),

<0. (A9)

Using the method in Wiggins (1990, p. 277), we conclude that there is a stable limit cycle bifurcating for u = p.

A.2. The pitchfork bifurcation

We consider system (A.3), i.e.
X = ¢(AX + F). (A.10)
The eigenvalues of A are

M=p—p+tv-u+¢ and L=p—p—v-u+q.

Let
! 1
—b, b, 1 _b_ —p+ A/t +q? 0
T:( : ’) then T =2 " and T‘AT:(” PV )
b L 0 p=p =Vt
b,
with b, = /—u* + ¢*/(1* — q). We transform Eq. (A.10) with
X = TZ, (A.11)
where

Then we get u = b,(—z1 + z2), v = z1 + z; and

3 2 P P
Si(w, 21, 22) = azozy + axzizz + annziz; + apzs,

Fo(i,21,22) = b3z + barziza + biozi 23 + bosz,
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where

a30:bu—ubft+bz—,u, a21:bH+ubZ—3bi—3u,

ay = —by + pby, — 3by —3p,  ap3 = —(by + ub, + b, + 1) <0,

b3y = —(uby + b} + uby + 1)<0, by = —pb, + by, + 3ub} — 3,

biy = pby + by, — 3uby =3, boy = pby — by + b, — 1.
Consider that

Z =¢((T'AT)Z + T7'F),

. U—p+/—ut+ ¢ 0 z n hi(u, z1,22) (A.12)
O w—p—- 7/14 + qz 22 /12([1,21,22) ’ .
where
(1, 21, 22) = 2302) + 0012122 + 2122173 + %0323, A1)
(s 21, 22) = BroZ) + Buziza + Broz123 + Boszss (A1)

with a30 = (B30 — azo/by), a1 =1(ba1 — az1 /by), o2 = 5 (b1a — ara/by), o3 = (bos — aos/bu). Bzo = % (az0/by + b3o),
Bar = X(ax1 /by + ba1), Bia = L(a1a /b, + bro), and Byz = L (ao3 /by + bo3).
From Eq. (A.12), A; = 0if p — p = —\/—pu* + ¢>. We now consider the pitchfork bifurcation at u = u; , i.e. the zero

of eigenvalue 4;. We apply the center manifold theory to our system, i.e. to Eq. (A.12), see Wiggins (1990) and Verhulst
(1996). Letting

2 = h(z1) = oz} + fz3 + O(4), (A.15)
dh
— = 2uzy + 321 + O(3). (A.16)
dZ]
At p=p,; we get
a4+ O5) = nyz] + 37, + 0(4), (A.17)
with
ay = fl(bzo *%3:),
ny = a(u —p— Vit q2>,

l/a
n = (u—p— —u4+q2) <ﬁ+§(%+b3o)),
i

After equating the coefficients of (A.17), we get « =0 and f§ = —% (a30/by + b3); therefore
h(z1) = Bz + O(4).

The flow in the center manifold at u = y;, is determined by the 1-dimensional system as follows:
W =gi(u, w, h(w)),

1 a0\ 3, .
- _£30 ) A.18
2(bso 2bu> w” + O(5), (A.18)
where a3 /(2b,) = — (u(u2 —q)— /-1t + qz)q/ ((u2 — /=it + qz) >0.

Using the theorem (13.4) in Verhulst (1996), we conclude that (0, 0) is stable for u = p;,.

In the center manifold, the flow is determined by

1
= (n—p+ Vi q2>w+§(b3o - ”3°)w3. (A.19)

2,
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Transforming the time ¢—2b, /(a3 — byb30)t then Eq. (A.19) becomes

w = _ (/l —p+V-ut+ 6]2) w—w, (A.20)

ay — buby
where the prime denotes the differentiation with respect to 7.
Letting s(u) = (2b,,/(az) — bub3))) (,u —p+/ -t + q2>, we can rewrite (A.20) to become
w = s(ww — w? (A.21)

We can see that if s(u) <0 then Z; <0. In this case there is one equilibrium solution, i.e. w = 0 which is stable. If s(x) > 0
then /1 > 0. In this case there are three solutions, i.e. two stable nontrivial solutions which is branch off at u = u; and
an unstable trivial solution. We conclude from Eq. (A.21) that the pitchfork bifurcation exists at u = p,, .
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